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Abstract 

We construct dual supergravity descriptions of D3-branes wrapping associative 
3-cycles L. We analyse the conditions for having five-dimensional background solu- 
tions of the form AdS% x L and show that they require L to be of constant negative 
curvature type. This provides AdS2 background solutions when L is the hyperbolic 
space H 3 or its quotients by subgroups of its isometry group. We construct a regular 
numerical solution interpolating between AdS§ in the UV and AdS2 x H 3 in the IR. 
The IR fixed point exists at the "intersection" of the Coulomb and Higgs branches. 
We analyse the singular supergravity solutions which correspond to moving into the 
Higgs and the Coulomb branches. For negative constant curvature spaces the sin- 
gularity is of a "good" type in the Higgs branch and of a "bad" type in the Coulomb 
branch. For positive constant curvature spaces such as S 3 the singularity is of a 
"bad" type in both the Higgs and the Coulomb branches. We discuss the meaning 
of these results. 
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1 Introduction 



Supersymmetric 3-cycles are defined such that D-branes wrapping them are supersym- 
metric configurations [1, 2, 3, 4]. We will discuss two types of supersymmetric 3-cycles: 
associative 3-cycles in G2 holonomy seven-dimensional manifolds and special Lagrangian 
3-cycles in Calabi-Yau 3- folds 1 . The low-energy field theory on the worldvolume of Dp- 
branes wrapping associative (special Lagrangian) 3-cycles is a (p — 2)-dimensional gauge 
theory with two (four) supercharges. The Dp-brane worldvolume theory is a twisted field 
theory [2]. The holonomy group of a 3-cycle L is C 5*0(3) and its normal bundle is 
non-trivial. The scalars parametrizing the embedding of a Dp-brane wrapping L in a 
the ambient space M are sections of the normal bundle of L in M and are not ordinary 
scalars. The twisting means choosing the holonomy group of the tangent bundle to be 
equal to the structure (sub)group of the normal bundle. This gives covariantly constant 
supercharges which are "twisted" and become scalars rather than spinors. 

We will consider Type IIB string theory compactified on M and N D3-branes wrapping 
the 3-cycle L in the limit l s — > where we keep the volumes of the cycle L and the manifold 
M fixed [6]. While at high energies the worldvolume theory is four-dimensional, at low 
energies compared to the inverse size of L the theory is (0 + 1) -dimensional. We will be 
interested in the infrared (large time) behaviour of the quantum mechanics. 

Our aim is to construct dual supergravity descriptions of the worldvolume theories 
of the D3-branes wrapped around supersymmetric 3-cycles. Supergravity descriptions of 
branes wrapping supersymmetric cycles have been constructed in various cases such as 
for Dp-branes and M5-branes wrapping Riemann surfaces in Calabi-Yau spaces [7, 8, 9, 6, 
10, 11] and M5-branes wrapping associative cycles in GVholonomy manifolds [12]. Here 
the twist induces the boundary conditions on the gauge field coming from the metric 
upon compactification [6]. We will use a five-dimensional truncation of the full type IIB 
supergravity. Since to implement the twist we need an SO (3) gauge potential, one suitable 
supergravity theory in five dimensions is the Af = 4 SU(2) x U(l) gauged supergravity 
described in [13] which was shown to be a consistent truncation of type IIB supergravity in 
[14] . We will see that this gauged supergravity can realize the twist required for D3-branes 
wrapping an associative 3-cycle. 

To analyse what types of 3-cycles we should consider, we note the eight geometric types 
in the classification of closed 3-manifolds introduced by Thurston [15]. The most relevant 
for us are the first three types in the classification, based on the three constant curvature 
spaces, the 3-sphere S 3 which has a positive scalar curvature R > and isometry group 
G = SO (A), the Euclidean space E 3 with R = and isometry group G = R 3 x SO (3) 
and the hyperbolic space H 3 with R < and isometry group G = PSL(2,C). The 
constant curvature spaces H 3 , S 3 will be analysed in detail in the following sections. The 
Euclidean space E 3 , being flat, does not lead to a new background, i.e. the topological 
twist is trivial. 

We will analyse the requirements that an associative 3-cycle L of SO (3) holonomy 

1 For a discussion and review of special Lagrangian 3-cycles and their role in "brane worlds" and curved 
geometries see [5]. 
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has to meet in order to allow for a solution of the form AdS 2 x f , which corresponds 
to an IR fixed point. We will see that the cycle has to be of a constant negative scalar 
curvature type. Thus, we will find an AdS 2 x ds 2 H3 solution, and its quotients by subgroups 
of the isometry group PSL(2, C) to make the 3-cycle compact. Since the spinors are 
independent of the coordinates on if 3 these quotient solutions are also supersymmetric. 
We will construct a regular numerical solution interpolating between AdS 5 in the UV and 
AdS 2 x if 3 in the IR. The IR fixed point exists at the "intersection" of the Coulomb and 
Higgs branches. We will analyse the singular supergravity solutions which correspond to 
moving into the Higgs and the Coulomb branches. For negative constant curvature spaces 
the singularity will be shown to be of a "good" type in the Higgs branch and of a "bad" 
type in the Coulomb branch. This indicates a decoupling of the Higgs branch from the 
Coulomb branch. For positive constant curvature spaces such as S 3 the singularity is of 
a "bad" type in both the Higgs and the Coulomb branches, which is consistent with the 
absence of a Higgs branch on the field theory side in this case. 

The paper is organized as follows. In section 2 we will discuss in some detail the twisted 
theories on the worldvolume of D3-branes wrapping associative and special Lagrangian 3- 
cycles. We will review the barely G 2 manifolds and discuss their supersymmetric 3-cycles. 
In section 3 we will discuss the supergravity equations which have to be solved in order 
to provide supergravity dual descriptions of the twisted D3-branes theories. In section 4 
we will begin by reviewing the possible types of 3-cycles that should be analysed. We will 
then construct solutions to the supergravity equations. We will show that supersymmet- 
ric AdS 2 x L backgrounds are solutions provided the associative 3-cycle is of a constant 
negative scalar curvature type. However, we will show that wrapping associative 3-cycles 
of the type S x S* 1 is not realized by the M = 4 gauged supergravity. We will solve numer- 
ically the supergravity equations and construct a regular solution interpolating between 
AdS§ in the UV and AdS 2 x if 3 in the IR. We will next analyse the singular supergravity 
solutions which correspond to moving into the Higgs and the Coulomb branches and the 
type of the singularities. In appendix A we will show how the case of D3-branes wrapping 
a Riemann surface arises from our construction and discuss the nature of the singularities 
along the Coulomb and Higgs branches. In appendix B we will provide some details of 
the computations for if 3 and S 3 special associative 3-cycles. 

2 D3-branes wrapping supersymmetric 3-cycles 

In this section we will discuss two types of supersymmetric 3-cycles, the associative 3- 
cycle in G 2 holonomy seven-dimensional manifolds and the special Lagrangian 3-cycle in 
Calabi-Yau 3-fold. We will review the example of barely G 2 manifolds constructed as 
the quotients (CY3 x S 1 )/Z 2 , where one can see a relation between the supersymmetric 3- 
cycles of the seven dimensional manifold and the supersymmetric cycles of the Calabi-Yau 
3-fold. We will analyse the twists associated with D3-branes wrapping the 3-cycles and 
discuss the corresponding twisted worldvolume theories. We note that in the following 
we will freely use SU(2) ~ SO (3). 
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2.1 Associative 3-cycles 



An associative 3-cycle L is a submanifold of a seven dimensional manifold with G 2 holon- 
omy. It is a calibrated submanifold with respect to the associative calibration 3-form $( 3 ) 
[16]. That means that the associative 3-cycles are volume minimizing in their homology 
class such that 



They are supersymmetric cycles in the sense that D-branes wrapping them are super- 
symmetric configurations [4]. Consider Type IIB string theory compactified on a seven 
dimensional manifold with G 2 holonomy M, and a D3-brane wrapping L. The brane con- 
figuration is a BPS state of Type IIB string theory compactified on M. It is a particle in 
the transverse R 2 ' 1 directions. The D3-brane worldvolume theory is a twisted field theory. 
The holonomy group of the 3-cycle L is C 5*0(3) and its normal bundle M in M is S <g> V 
[17], where 5 is a spin bundle and V a vector bundle. The four scalars parametrizing the 
embedding of the D3-brane in M are sections of the normal bundle of L in M and are 
therefore not ordinary scalars. Let us analyse this structure in more detail. 

The symmetry group of a D3-brane in flat space is 5*0 (3, 1) x 50(6), where 50(3, 1) 
is the Lorentz symmetry and 50 (6) is the R-symmetry group of the worldvolume theory. 
Alternatively, they can be viewed as the symmetry groups of the tangent and normal 
bundles respectively. The worldvolume of the brane is R x L and the worldvolume theory 
is a twisted theory. Due to the wrapping the structure group of the normal bundle is 
broken to U(l) x SU(2) 1 x SU{2) 2 and 



Here 50(3)l is the structure group of the tangent bundle of L. 

The six scalars parametrizing the embedding of the D3-brane in flat space transform 
as (1, 6) under 50 (3, 1) x 50(6). The 6 of the 50(6) transforms under U{1) x SU{2) 1 x 
SU(2) 2 as (1, 1)±2 © (2, 2)o, where the subscript indicates the U(l) charge. The twisting 
means choosing the holonomy group of the tangent bundle 50(3)^ to be equal to the 
SU (2)i part of the structure group of the normal bundle. After the twisting the six scalars 
transform as (1, 1) ±2 © (2, 2) under U(l) x SU(2) L x SU{2) 2 . The (2, 2) parametrize 
the embedding of the D3-brane inside the G 2 manifold, and are sections of the normal 
bundle described above. The (1, 1)±2 are the two scalars that parametrize the embedding 
of the D3-brane in the two non-compact flat directions normal to the brane. 

The sixteen supercharges of the D3-brane in flat space transform as (2, 1, 4) © (1, 2, 4) 
under 50(3,1) x 50(6). The 4 of 50(6) transforms under 17(1) x SU(2) 1 x SU(2) 2 
as (2, l)i © (l,2)_i. After the twist we remain with two covariantly constant super- 
charges which transform under U(l) x SU(2)l x SU(2) 2 as (1, l)±i. The supercharges 
are "twisted" and become scalars rather than spinors. 

We will consider iV D3-branes wrapping the 3-cycle L in the limit / s — > where we 
keep the volumes of the cycle L and the G 2 manifold M fixed [6]. This is the large volume 
limit in string units. Due to the non-trivial embedding of the cycle in M the worldvolume 



$(3)U = Vol L . 



(1) 



50(3, 1) x 50(6) -> 50(3) L x U(l) x SU(2) 1 x SU{2) 2 . 



(2) 
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theory in this limit is a twisted field theory, as described above. However, note that in 
this limit the theory is not sensitive to the global structure of M. 

While at high energies the worldvolume theory is four-dimensional, at low energies 
compared to the inverse size of L the theory is (0 + l)-dimensional U(N) gauge theory. 
The (0 + l)-dimensional gauge coupling g is given by g 2 = y§^j\ ■ It has a mass dimension 

|. We will be interested in the infrared (large time) behaviour of the quantum mechanics. 
At low-energies the theory is described by a supersymmetric a-model quantum mechanics 
with two supercharges. The target space has branches which we denote by Higgs and 
Coulomb, and is not protected from quantum corrections. 

The Higgs branch corresponds to the moduli of the associative 3-cycle embedded in 
the G2 manifold. The Coulomb branch corresponds to the moduli of the D-branes in the 
two transverse non-compact flat directions. At low energies we may expect a decoupling 
of the Higgs and Coulomb branches, such that the IR physics is that of a supersymmetric 
a-model quantum mechanics on the Higgs branch. This is argued for theories with eight 
supercharges in [18, 19] and for theories with four supercharges in [20]. We will see that the 
dual supergravity description indicates a decoupling of the Higgs and Coulomb branches 
in our case, which has only two supercharges. 

2.2 Special Lagrangian 3-cycles 

Here we consider Type IIB string theory compactified on a Calabi-Yau 3-fold M. Denote 
by k the Kaehler form of M and by Q the holomorphic (3, 0) form. A 3-cycle L G M is 
called special Lagrangian when 

(i) k\l = 

(ii) Im(Q)\ L = 0. 

Consider a D3-brane wrapping L. Again, the D3-brane worldvolume theory is a twisted 
field theory. The holonomy group of the 3-cycle L is C SO (3) and its normal bundle M 
in M can be identified with the cotangent bundle T*L. The three scalars parametrizing 
the embedding of the D3-brane in M are sections of the normal bundle of L in M and 
are therefore 1-forms rather than ordinary scalars. Due to the wrapping the symmetry 
group is broken as 

SO{3, 1) x SO(6) -> SO(3) L x SO(3) M x SO(3) T . (3) 

Here SO(3) l is the symmetry group of L, SO(3)n is the structure group of the normal 
bundle of L in M, SO(3)t is the symmetry group of the three non-compact flat directions 
transverse to the brane. 

The sixteen supercharges of the D3-brane in flat space transform as (2, 1, 4) © (1, 2, 4) 
under 5*0(3, 1) x SO(6). Since the 4 of SO (6) transforms under a subgroup SO (3)// x 
SO(3) T as (2,2), the supercharges transform under SO(3) L x SO(3)x x SO(3) T as 
(2, 2, 2) © (2, 2, 2). The twisting means choosing the holonomy group of the tangent bun- 
dle SO(3)l to be equal to the structure group of the normal bundle SO(3)jy. This gives 
four covariantly constant supercharges which transform as 2(1, 2) under SO(3) l x SO(3)t- 
The supercharges are "twisted" and become scalars rather than spinors. 
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The six scalars parametrizing the embedding of the D3-brane in flat space transform 
as (1,6) under 50(3,1) x S0(6). Since the 6 of 5*0(6) transforms under a subgroup 
50(3)^ x S0(3) T as (1, 3) © (3, 1), the six scalars transform under S0(3) L x S0(3) A f x 
S0(3) T as (1,1,3) © (1,3,1). After the twist they transform as (1,3) © (3,1) under 
S0(3)l x S0(3)t- The (1, 3) are the three scalars that parametrize the embedding of the 
D3-brane in the three non-compact flat directions normal to the brane. The (3, 1) corre- 
spond to the 1-form that parametrizes the embedding of the D3-brane in the directions 
normal to the brane in M. 

We would like to consider N D3-branes wrapping the 3-cycle L in the above limit. At 
low-energies the theory is described by a supersymmetric a-model quantum mechanics 
with four supercharges. The Higgs branch corresponds to the moduli of the special La- 
grangian cycle embedded in the Calabi-Yau 3-fold. The Coulomb branch corresponds to 
the moduli of the D-branes in the three transverse non-compact flat directions. Again, 
we may expect a decoupling of the Higgs and Coulomb branches in the IR. 

2.3 Barely manifolds 

Let us illustrate the associative and special Lagrangian 3-cycles by discussing the barely 
G 2 manifolds [21]. These are constructed as 

G = (CY 3 x S 1 ) /Z 2 , (4) 

where CY 3 is the Calabi-Yau 3-fold and Z 2 acts as (a, — 1). a is an anti-holomorphic 
involution on the Calabi-Yau 3-fold. Its action on the Kaehler form k of OY3, and on the 
holomorphic (3, 0) form Q is 

<t*(k) = -«, <r*(n) = Cl. (5) 

There is only one covariantly constant spinor on G, which corresponds to the linear 
combination of the two covariantly constant spinors with opposite chirality on CY 3 . 
The associative calibration 3-form reads [21] 

$ (3 ) = JAe 1 +Re[Q], (6) 

where e 1 is a one-form cotangent to the circle S 1 . 

There are two types of supersymmetric associative 3-cycles C3. The first one is con- 
structed as a product of C x 5 1 where C is a holomorphic cycle in OY3, modded by the 
action of Z 2 

C 3 = (C x S l ) /Z 2 . (7) 

Note that a maps C to — C. 

The second type is constructed by the quotient of a special Lagrangian cycle L in CY 3 

C 3 = L/Z 2 . (8) 

For this type of associative 3-cycles the calibration form is just Re[Q] as for a special La- 
grangian 3-cycle. Note, however, that the ambient space in which the 3-cycle is embedded 
is different, and the number of supersymmetries preserved by the associative 3-cycle is 
half that of the special Lagrangian one. 
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3 The supergravity equations 



We aim at a dual supergravity description of the worldvolume theory of N D3-branes 
wrapped around a supersymmetric 3-cycle L. As discussed above, the worldvolume theory 
is twisted, and the twist induces the boundary conditions on the gauge field coming 
from the metric upon compactification. It also implies that a scalar operator in the 20 
representation of 5*0(6) is turned on, as in [6]. 

We will use a five-dimensional truncation of the full type IIB supergravity. To find a 
suitable truncation we observe that the holonomy of the L is SO (3) so for the twist we 
will need an SO(3) gauge potential. One suitable supergravity theory in five dimensions 
is the J\f = 4 SU(2) x U(\) gauged supergravity described in [13] which was shown to 
be a consistent truncation of type IIB supergravity in [14]. The embedding of this five- 
dimensional supergravity in type IIB supergravity is done via the breaking 50(6) — > 
17(1) x S77(2)i x SU(2) 2 , where 577(2) x U(l) of the M = 4 is the SU(2) 1 x U(l). From 
the discussion of the previous section we know that this can realize the twist required for 
D3-branes wrapping an associative 3-cycle. 

We are looking for a supersymmetric solution of the theory of [13]. To this end we 
have to check the supersymmetric variations of the fermionic fields. These are given by 

D,e a + i 1 »T{T A ,) ah e b (l? " 4^y) {H„ pab + \[\h„ pa i)j e\ 



for the four gravitini and 



(9) 



S X a = -*^| 7 M (^$K + A(T i5 ) ab e b + l^l' 11 ' (H^ ab - ^2h^ ab ) e b (10) 

for the remaining four spin-| fields. The notation agrees with [13] except that we use a 
space-time metric with signature (— , +, +, +, +). The definitions are 

a - ^r'-i/f^, (id 
t = 5 /fair 1 + ^.« 2 , (12) 

H,u ab = t(F^(ri) ab + B£,(r a )j, (14) 

(15) 

The 7^, v — 0, 4 are the five dimensional space-time gamma matrices, whereas the T I a 
are the Spin(5) gamma matrices with the index ranges I = 1,2,3 and a = 4,5. The 
a, b are Spin(5) spinor indices and Q a b is the antisymmetric matrix used to lower these 
indices. F^ u and are the SU(2) and U(l) gauge fields respectively, g-i and g\ are the 
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corresponding coupling constants, $ is a scalar field and B" are antisymmetric tensor 
fields transforming as a U(l) doublet. 

The SU(2) x U(l) is embedded in Spin(5) by taking F/ 45 and r 45 as the respective 
generators. We therefore have the covariant derivative on the spinors e a 

D^Ea = V M £ a + ^ia,(r 45 ) a 6 e 6 + ^g 2 A I fl (r M5 )^e b , (16) 

with V M denoting the usual space-time covariant derivative and a M , A 1 ^ are the U(l), SU(2) 
gauge potentials. Furthermore we will use the freedom to rescale the coupling constants 
as in [13] and define g = V2gi,g 2 = g- Note that we cannot set the U(l) coupling g x 
simply to zero since the kinetic term of the B^ v field goes like [13] 2 . 

For later reference it is useful to recall the five- dimensional field equations for zero 
fermionic fields which follow from the Lagrangian given in [13]. In terms of our conventions 
and with a M , B^ v set to zero we obtain for the metric 

TZ, U - 3d^d^ - 2e 2 ^F^j + l -e 2 *F 2 g, u + ^P (<p) g, u = 0, (17) 
and for the scalar 

where for notational simplicity we introduced ip = y^f^ and used F 2 as short for F^Ff. 
The scalar potential P (</?) reads 

P(<p) = l -g 2 (e- 2 * + 2e*) . (19) 

For a supersymmetric solution the variations (9), (10) of the fermionic fields must be 
zero. As the five dimensional metric we take the ansatz 

ds 2 = e 2f (-dt 2 + dr 2 ) + e 29 ds\ , (20) 

where by ds\ we denote the metric on the 3-cycle L 

ds L = g i jdx l dx l . (21) 

We assume the functions /, g to depend only on the radial coordinate r. We also take 
the scalar field tp to depend only on r. tp is dual to the turned on scalar operator. 
Thus, we have to solve the following equations 

= + \^HjS a + 1^ (r /45 ) a 6 e b - (22) 

-il,T{Y ib ) b a e b - i\ Jl (77 - 4^ 7 p )e^i(r 7 ) a 6 e6 = 0, 



2 A supergravity action where the U{\) coupling can be taken to zero has been constructed in [22]. 
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SXa = -i^Y(d r <p)e a - A(T^) b a e b - ± ^| 7 /«w£ (T^ e b = 0, (23) 
with the definitions 

We note that for a time independent spinor e a we can combine the t-component of 
equations (22) and (23) to get the relation 

f-<f/ = i^fV-, (25) 

for (T^)^e b = =R£ a - This relation is independent of the metric of L. 
At the boundary of AdS 5 (small r) we impose the metric 



This implies at small r the boundary conditions f(r),g(r) ~ —Log(r). Note that we 
work in the units where the AdS$ radius is one. In order to restore the units and the A" 
dependence we have to multiply the metric by R\ d s = ^^nggNa'. 
We impose the condition 

li£ a = e a , (27) 

where the subscripts are flat indices associated to the space-time indices according to (83). 
This condition is met by (super) covariantly constant spinors on AdS which depend only 
on r [23, 24]. 

To realize the twist we have to satisfy 

\4r^a = -\gAl(r I4B )Z e b , (28) 

where the hatted indices are (/t curved, % flat) indices along L. We do this by appropriately 
mapping the generators of the holonomy group to the generators of the SU (2) gauge group 
and letting the U(l) generator r 45 act on the spinors as (r 45 )^ e b = ±is a . The boundary 
conditions on the metric imply that the positive sign is the correct choice as can be seen 
from the gravitino variation (9) in t direction. By equating the spin connection with the 
gauge connection we thus get 



Ufa OC 



*( r /(U))>> ( 29 ) 



where / establishes the map between the generators of the two groups (see below and 
appendix). 
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4 Supergravity backgrounds 



In this section we will construct analytical and numerical solutions to the supergravity 
equations. 

4.1 Three manifolds 

In the following we discuss what types of 3-cycles we should consider. Thurston intro- 
duced eight geometric types in the classification of closed 3-manifolds [15], which we will 
briefly review 3 . The main points of the classification are that there are only eight ba- 
sic homogeneous geometries, up to an equivalence relation, that can be supported by 
closed 3-manifolds and that if a closed 3-manifold of a given topology admits one of these 
geometric types then it is unique. 

One considers an orientable, connected, complete and simply connected Riemannian 
3-manifold X which is homogeneous with respect to an orientation preserving group 
of isometries G. The eight geometric types classify (X,G). The equivalence relation 
(X, G) ~ (X', G') holds when there is a diffeomorphism of X onto X' which takes the 
action of G onto the action of G' . Out of these types one constructs spaces (geometric 
structures) M ~ X/Y where T is a subgroup of G. Here the action of Y is discontinuous, 
discrete and free. M is locally homogeneous with respect to the metric on (X, G) 4 , it is 
isometric to the quotient of X by Y. 

The first three types in the classification are based on the three constant curvature 
spaces, the 3-sphere S* 3 which has a positive scalar curvature R > and isometry group 
G = SO (4), the Euclidean space E 3 with R = and isometry group G = R 3 x 5*0(3) 
and the hyperbolic space H 3 with R < and isometry group G = PSL(2,C). The 
constant curvature spaces S 3 , H 3 will be analysed in detail in the following sections. The 
Euclidean space E 3 , being flat, does not lead to a new background, i.e. the topological 
twist is trivial. This class includes, for instance, the 3-torus T 3 . 

The next two types are based on S 2 x E l and H 2 x E 1 . In this class we have, for 
instance, H g x S* 1 where £ 9 is a genus g Riemann surface. 

Type six is the universal cover of the fiber bundle whose base is H 2 and whose fiber is 
spanned by tangent vectors of unit length. The last two types are the Heisenberg group 
and the solvable Lie group. These types are anisotropic geometries and one can write 
an explicit metric for them [25]. However, it is not clear whether any of these last three 
types can be realized supersymmetric 3-cycle. 

3 For the relation between Thurston classification and the classification of spatially homogeneous met- 
rics in relativistic cosmology see [25]. 

4 M is called locally homogeneous if for any two points in M there are neighborhoods of these two 
points and an isometry that maps them to each other. 
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4.2 AdS2 x L solutions 

In this subsection we analyse the requirements an associative 3-cycle with 5*0(3) holonomy 
has to meet in order to allow for a solution of the form AdS 2 x L, which corresponds to an 
IR fixed point. We will see that for our ansatz L has to be of constant negative curvature 
type. We consider the ansatz (20), (21). Due to the twist we can establish a relation 
between the SU (2) gauge field strength and the curvature of L 

F,l{Tj) b a e b = l ±_R^ llj£a , (30) 

which follows from (28). We now take the variation of the gravitino (22) which is polarized 
in the t direction. This may be written as 



\f + ef -L^ (2e-o + e^) + ^^1^0 lo e a = 0, 



(31) 



so that 



(\f + e/ ( 2e ~" + 7o e- = -\fy#^ PR *?W* e ~ ( 32 ) 

The lhs of (32) depends only on r so the rhs must be independent of the coordinates on 
L. The rhs depends on the coordinates on L through the term r ) vp R v l ^ r )ij so that we have 
the condition 

l vp R4 j lij = const , (33) 
up to an r dependent term coming from the vielbein needed to change the curved indices 
in j up to flat ones. In three dimensions the Weyl tensor vanishes identically so that the 
Riemann tensor can be expressed in terms of Ricci tensor and scalar curvature 

R 

RnXfjLP = Rk^Xu — R\h9kv + R\v9kh ~ Rkv9\\i ~ ^ \9kh9\v ~ 9nv9\p) ■ (34) 

Using this in (33) we see that the scalar curvature has to be constant. For cycles with 
50(3) holonomy this means that they are maximally symmetric cycles which satisfy 

R 

RnXfiu = — {9kh9\v — 9ku9X^) ■ (35) 

We are now in the position to investigate (supersymmetric) solutions of the equations 
(22) and (23) which are of the form AdS2 x L. We require 



A 



2 



^ = -r> (36) 

according to the ansatz (20). We rewrite (31) for the maximally symmetric cycle by using 
(36). This leads to 

— A\ -e- 29 R = ~e- v + A — ( 2e~^ + . (37) 
6g V2 2 12v/2 V ' 
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In order to satisfy equation (25) with the boundary condition (36) ip has to approach 
a constant value in the far IR (r — > oo). Equation (37) then also requires e 2g to be 
asymptotically constant. So supersymmetric solutions in the IR with an AdS 2 part are 
indeed of the product form AdS 2 x L where L has constant size. 

We can plug this additional information into the remaining fermion variations of (22) 
and (23). This results in 

R = ~e 2g g 2 (2e- 2v + e v ) , (38) 

and 

R = e 29 f (f 2lp - e v ) . (39) 
Combining these two equations and using (37) we find 

e 3, = 4 , e2s = __L 4 f fli eV = ^_, (40) 

where i? is the scalar curvature of L. From (38) and (40) we see that the the scalar 
curvature of L has to be negative. We conclude that for a supersymmetric solution of the 
type AdS 2 x L the 3-cycle L has to be of negative constant curvature type. The solution 
preserves two supercharges. 

Thus, there is an AdS 2 x ds 2 Hi solution and we can take its quotients by the isometry 
group PSL(2, C) to make the 3-cycle compact. Since the spinors are independent of the 
coordinates on H 3 these quotient solutions are supersymmetric too. If we take the ds 2 H3 
line element 

ds 2 H3 = d<p 2 + sinh 2 <pd9 2 + sinh 2 sin 2 9dp 2 , (41) 

we get 

e 3 ^ = 4, e 2 * = 4-§, e 2 f = J-, (42) 

43 r 

where we have set g = 2 a/2. 

Using [14] we can lift the five- dimensional background to ten dimensions. The ten- 
dimensional metric reads 

ds 2 w = VA (~!—ds 2 2 + A-^ds 2 H3 ) + (43) 
\4sr 2 / 

+^2sy/Ad£ 2 + -2~^A~^ sin 2 £dr 2 + 
8 8 

li^of 2 2 2 "1 

+ -2~» A~2 cos £ \ (&i — cosh (f)d9) + (er 2 — cos 9 dp) + (03 + sin 9 cosh <pdp) \, 
8 ' 

where (£, r, a, /3, 7) parametrize the compactifying S* 5 and the 1-forms Oi are related to 
the angles (a, /3, 7) by <7i-Mcr 2 = e _ry (da + i sin aci/3) and cr 3 = ^7 + cos ad/3. Furthermore 

A = 4^ sin 2 £ + 4~s cos 2 £, (44) 
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where ds\ = —dt 2 + dr 2 . 

It is illuminating take a closer a look at the field equations (17) and (18). From (17) 
we get for the Ricci Scalar 1Z of the five-dimensional background 

1 2D 

K = 3(d V ) 2 + -e 2 *F 2 --P( V ). (45) 
Consider solutions where ip is constant. Equation (18) reads now 

e 2 VF 2 _ 2 dPM = Q (46) 

dip 

and implies that F 2 is constant. Equation (45) and (19) imply then that the five- 
dimensional scalar curvature TZ is constant and negative. Since F 2 can be written as 
a product of e~ 4g times some function of the coordinates on L we deduce that both fac- 
tors have to be constant. Consider AdS2 x L solutions. Then the above implies that L is 
a constant curvature 3-fold. 

A solution of the form AdS 2 x 5* 3 is excluded at the level of the field equations (17) 
and (18). Combining the two field equations and taking ip = const, we get for the five 
dimensional Ricci tensor 

n, v = - 2 e 2 *R- A g, u - \tfe<e 9ltv , (47) 

where R = e 9 denotes the radius of the S 3 . Note that the term in (47) proportional to 72~ 4 
vanishes for the components of TZ^ which are not along the sphere. The time component 
of (47) fixes the radius of the AdSVpart in terms of ip for the ansatz (36) as 

A 2 = ^-e-*. (48) 

On the other hand we can use (45) and (46) to express 1Z in terms of ip 

K = J-tfe*-g 2 e- 2 *. (49) 

For an AdS 2 x S* 3 background we have 1Z = —-^z + j^, which upon using (48) leads to a 
contradiction. 

Consider now 3-cycles based on the types S 2 x E 1 and H 2 x E 1 . They too have a 
constant curvature and one may expect that they will give rise to AdS% solutions of the 
gauged supergravity. However, in this case the ansatz (20) does not allow for a super- 
symmetric solution. The reason is that from the variation of the gravitino (22) polarized 
along the direction of E 1 we get for the ansatz (20) one more relation between g and / 
in addition to equations (77). This prevents a solution. The nontrivial part of the spin 
connection of these cycles comes from the two dimensional part, i.e. S 2 or H 2 . Therefore 
they have reduced holonomy. To implement the twist we need an abelian truncation of 
the £77(2) x £7(1) gauged supergravity. That means that for such configurations only the 
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U(l) C SU(2) is excited. This breaks less supersymmetry compared to the cycles with 
SU (2) holonomy. For an appropriate ansatz there are solutions of this truncated gauged 
supergravity which then do not correspond to D3-branes wrapped on associative 3-cycles 
in Gi holonomy manifolds but rather to configurations of D3-branes wrapping around a 
Riemann surface £ in CY [6]. The details of this calculation are given in appendix A. 
From [14] it is clear that from the ten-dimensional point of view the abelian truncation 
used here coincides with the truncation used in [6] to study D3-branes wrapped around a 
Riemann surface in a Calabi-Yau 3-fold. 

We conclude that the M = 4 five-dimensional supergravity that we are using is not 
capable of describing the wrapping of associative 3-cycle of the type E x 5 1 . Consulting 
section 2.3, we see that what is missing in that context is the implementation of the Z2 
quotient which truncates the supersymmetry by a factor of two. A similar situation arises 
in the analysis of [12] for M5-branes wrapped around associative 3-cycles. 

In section 2, we described a case (4), where the associative 3-cycle corresponds to 
a special Lagrangian 3-cycle. It is natural to ask whether we can argue based on the 
AdS2 x L solution for an associative 3-cycle L, that there should be an AdS2 x L solution 
for the corresponding special Lagrangian 3-cycle. Of course, the latter solution should 
preserve twice as much supercharges. For comparison we can look at the example of 
a Calabi-Yau 3-fold constructed as (K3 x T 2 )/G [26], where the is a freely acting 
involution on K3 and an inversion on T 2 . In this case we have supersymmetric 2-cycles 
(Riemann surfaces) in the Calabi-Yau 3-fold that correspond to Riemann surfaces in K3. 
D3-branes wrapped on a Riemann surface in the Calabi-Yau 3-fold have an AdS 3 solution 
that preserves four supercharges. However, there is no such Ad S3 solutions that preserves 
eight supercharges that corresponds to D3-branes wrapped on a Riemann surface in K3 
[6]. Therefore it seems that we cannot draw a conclusion from the AdS2 solutions in the 
associative 3-cycle to the existence of AdS 2 solutions in the special Lagrangian 

case. 

4.3 Z)3-brane wrapped on H 3 

Consider the N _D3-branes wrapped on an associative 3-cycle H 3 . Recall that for the five 
dimensional metric we take the ansatz 

ds 2 = e 2f (-dt 2 + dr 2 ) + e 2g (d(j) 2 + sinh 2 (j)d6 2 + sinh 2 sin 2 9du 2 ), (50) 

where /, g depend only on r. The second part of the above metric is the metric of the 
H 3 . We have to solve (22) and (23) in this background. 

The twist implies by (87) that the SU (2) gauge potentials are 

Al = a cosh 0, (51) 

A 2 = bcos9, 

A 3 = csin 9 cosh 0. 

In order to take advantage of the conditions (27) we write (22) more explicitly, as done 
in appendix B in equations (91), (92), (93) and (94). 
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For the solution we impose on the field strengths 

etc 1 

F 2 e oc sin 9 sinh 2 ->_ = -- (52) 

b g 

and 

F*, = - c = -a&S. (53) 
We solve these constraints by setting 

a = -,6=i,c = -3. (54) 
9 9 9 

From the twist we get the following constraints on the Killing spinors 

723£a = ±i(r!) a 6 £ 6 (55) 

7 34 e a = ±i(T 2 )^e b , 

for (r 45 ) a 6 e fe = ±ie a and where we have used (54). 

Given the above constraints the supersymmetric variations vanish for 

9 = ~e f j-v^e- 2 ^ + ^= (2e~ v + e 2 ^) j , (56) 

/' = -e / (v^e- 2 *- + -i- (2e^ + e 2 ^ 
I 6 V / 2 V 

if/ = -e-f j^e- 2 ^ + ^= (e^ - e 2 ^) j . 
The boundary conditions as r — > are g(r), f(r) — > —Log(r) so that from (56) we get 

y?(r) -> -ir 2 Lo^(r) + C^r 2 . (57) 

As in [6] there is a relation between g and which reads 

12 
9 



e 2g +V = e 2{g- 9 ) + _ ( g + ^ + £ ^ 



The integration constant C is related to the integration constant C v (57) of the differential 
equation for </?, i.e. to the expectation value in the UV of the operator dual to tp [6]. For 
an asymptotic configuration (42) we find C — | (3 — log 4). 

We therefore expect to have for this value of C a solution interpolating between AdS 5 
in the UV with AdS2 x H 3 in the IR. Indeed we can find such a solution numerically. 
In figure (1) we plot e 2 ^ r ) as obtained from a numerical solution of equations (56) when 
C = \ (3 — log 4) in comparison to the expected behaviour in the IR, e 2 ? = (42). We 
see that indeed they coincide in the IR. 
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Figure 1: In this figure we plot e 2 ^^ as obtained from a numerical solution of equations 
(56) when C = \ (3 — log 4) in comparison to the expected behaviour in the IR, e 2f - 

in equation (42). We see that the two coincide in the IR. 



In figure (2) we plot e 2 ^ as obtained from a numerical solution in comparison to the 
expected behaviour in the IR, e 2g = 4~3 (42). Again we see that they coincide in the IR. 
An expansion of (58) leads to = |- so that 

I lop - 4 

Cf ■ = 4 - ■ ( 59 ) 

As noted, we can interpret C 9 in (57) roughly as the expectation value of the operator dual 
to (p. C v = C"" lt is then the value for which the Higgs and Coulomb branches "intersect" 
and this is where we expect a fixed point. For C v > C"' lt we move into the Coulomb 
branch while for C v < C£"*' we move into the Higgs branch. It is then of interest to see 
what happens to the supergravity solution as we vary C v , which enters as a boundary 
value for (p. This analysis can be done numerically. 

The numerical analysis of (56) shows singular solutions for C v > C^ %t , as depicted in 
figure (3) and (4). 

We can check the nature of the singularity according to the criterion of [27]. We need to 
compute the effective potential of the five-dimensional gauged supergravity corresponding 
to the above solution. For our ansatz with the gauge field determined by the twist we 
find from the Lagrangian given in [13] 

V e ff = Y^ e ~* 9 - + 2e i • (60) 

Since this potential diverges near the singularity it is of "bad" type. The meaning of 
this singularity is that in the limit that we consider the Higgs and the Coulomb branches 
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Figure 2: In this figure we plot e 2g ^ as obtained from a numerical solution in comparison 
to the expected behaviour in the IR, e 2g = 4~3 in equation (42). We see that the two 
coincide in the IR. 




Figure 3: The numerical behaviour of g(r) approaching a "bad" singularity in the Coulomb 
branch, C v > C° rit - 
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decouple, and we remain at low-energy with a (0 + l)-dimensional a-model on the Higgs 
branch. 

The numerical solution for < C"" lt has a different behaviour. The radii exp(2f(r)) 
and exp(2g(r)) are shrinking in the IR as seen in figures (5) and (6), which means increas- 
ing of the curvature of the solution. However, in this case the behaviour of tp is different 
as seen in figure (7) and the singularity in the extreme IR is of a "good" type. 
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Figure 4: <p(r) blows up near a "bad" singularity in the Coulomb branch, C v > C{ 
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Figure 5: The radius e 2 ^^ is shrinking in the IR, in the Higgs branch C v < C^"*'. However 
the effective potential is bounded from above and the singularity is of a "good" type. 
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Figure 6: The qualitative behaviour of the radius e 2s(r ) is very similar to that of e 2 - f< - r ^ in 
the Higgs branch, < C£"* - . It is also shrinking in the IR. 
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4.4 D3-brane wrapped on 5 3 

Consider now the N D3-branes wrapped on an associative 3-cycle S 3 . Recall that for the 
five dimensional metric we take the ansatz 



where /, g depend only on r. 

The supergravity equations can be obtained from (56). In (56), due to the twist 
the first term is proportional to the scalar curvature of the supersymmetric cycle. The 
transition H 3 — > S 3 thus induces a minus sign in this term. This can also be seen via the 
coordinate transformation <fi — > i<p as argued in [6] . Hence we get the following equations 
for the S 3 case 



Again, the boundary conditions as r — > are g(r), f(r) — > —Log(r) so that from (62) 
we get 



We can find a numerical solution as depicted in figures (8) and (9). The numerical 
solution has the same behaviour independently of the value of C v . The singular behaviour 
is as for the H 3 case on the Coulomb branch, i.e. the singularity is of the "bad" type. 

As before, the "bad" singularity in the Coulomb branch can be explained by the fact 
that in the limit that we consider the Higgs and the Coulomb branches decouple, and we 
remain at low-energy with a (0 + l)-dimensional a- model on the Higgs branch. However, 
in this case, unlike H 3 , we do not expect a Higgs branch for the dual theory since there 
are no harmonic spinors on S* 3 and therefore it is rigid in the ambient seven-dimensional 
manifold. This explains the difference between the type of singularity along the Higgs 
branch in H 3 compared to S 3 . 



ds 2 = e 2f (-dt 2 + dr 2 ) + e 29 (d<j) 2 + sin 2 <f>d9 2 + sin 2 sin 2 9du 2 ) , 



(61) 




(62) 



v( r ) ~^ 7; r2 Log(r) + C v r 2 . 



(63) 
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Appendix 



A The Riemann surface case 

For the case of a D3-brane wrapped around a Riemann surface we get from (9) and (10) 
the solution of [6]. The metric ansatz reads 

ds 2 = e 2f (dr 2 + dz 2 - dt 2 ) + e X{dx 2 + dy 2 ) (64) 

V 

and the corresponding spin connection 

= ~ (65) 

, ,3i _ , ,41 _ £ y_ 

y 

, , 21 - < , 01 - f' 

u z — 0J t — J , 

where the flat indices (1, 2, ..) are connected with the curved ones by the vielbein 

e° t =el = e 2 z = e', (66) 
e 3 = e 4 = — 

V y 

We set B" to zero and take $ to depend only on r, furthermore we truncate the SU (2) x 
U(l) gauge group to the Cartan subgroup U(l) x U(l). From the spin connection (65) 
we get the gauge potentials 

a x = - , A 3 X = - 67 

y y 

and the corresponding field strengths 

f x y = ^2 ' ^xj/ = 75- ( 68 ) 

In addition we impose the following conditions on the spinors 

734 e a = -ie a , 71 e a = e a , (69) 

as in [6]. We rescale the coupling constants [13], <?i = ^= and g 2 = (7. In this background 
with the above definitions the susy- variation of the x-component of the gravitino reads 

1 1 x — 

6if> xa = d x e a + -u)?7 U e« + -tf>f lzi e a + -| - (r 45 ) a b e fe + (70) 
+ \g h ~ (r 3 4 5 ) a 6 ^ - <7, -^0 (2e^ + e 2 -) (r 45 ) a b e b + 
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where we have set (p = J ,0. Setting (70) to zero yields 



3 ■ 

6 



3 V 2 v /a 3 



£ ^-^r 45 + &r 345 J e fe = -ie a (71) 
and 

g'e a = ef (^=g (2e-* + e 2 -) (r 45 ) a b e fe - (72) 

;^|e^e^(r 3 ) a 6 ,5 
Eqn. (71) can be solved in the following ways 

(r 45 ) a b e b = ie a , (r 3 ) a 6 e b = ±e a -> 5 ^ ± & j = -1, (73) 

(r 45 ) a b e fe = -*e a , (T 3 ) b a e b = ±e a ^g(^=±bj = 1, (74) 

Solutions which differ in the eigenvalue of T 3 are equivalent whereas solutions with differ- 
ent eigenvalues of T 45 give different solutions. Using (73) we can solve (72) by choosing 
b = , a = to give 

9 ' = e, (-^f( 2£ " + e> ) + If £ "' eV )' (75) 

which is part of the solution for the twist preserving (4,4) supersymmetry in [6]. Exact 
correspondence is obtained if we set g = 2\/2. 

If we set a = , b = — | we get the corresponding expression for the twist preserving 
(2,2) supersymmetry 

9' = e f (-1 (2e-* + e 2 ^) + ± e~ 2 ^ e^) . (76) 

The solutions corresponding to (74) give an overall sign in (75) and (76) and will be ruled 
out by the boundary conditions for /, g in the limit r — > 0. By solving the remaining 
fermionic supersymmetry variations we get the differential equations for / and ip. 

The case if 2 resembles if 3 while the S 2 case resembles the S 3 one. In the H 2 case the 
equations read [6] 

9' = e?(-\ ( 2e ~ V + ^) + 5 e ~ 2s eV ) - (77) 
/' = -j (2 (2e" v + e 2 ^) + e^e^) , 
(-e"^ + e 2 ^) - ^e" 2 ^). 



' 2 / 
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The boundary conditions as r — > are g(r), f(r) — > —Log(r) so that from (77) we get 

V9(r)^-ir 2 Lo(?(r) + ^r 2 . (78) 
There is a relation between g and </? which reads 

e 2g+<p = e 2(g-<p) + h g + 2(p ) + Q. (79) 

The AdS 3 x H 2 solution of (77) gives C = \. 

We therefore expect to have for this value of C a solution interpolating between AdS§ 
in the UV with AdS% x /J 2 in the IR and indeed we find one. Similar solutions were 
constructed in [28] in the context of D = 5,N = 2 gauged supergravity which were 
generalized in [29] where also an analysis of solutions of the form M 3 x M 2 was given. 

An expansion of (79) leads to C v = j so that 

Cf *■ = ^ • (80) 

Again, one interprets in (78) roughly as the expectation value of the operator dual to 
ip. C 9 = C£"*' is then the value for which the Higgs and Coulomb branches "intersect" and 
this is where we expect a fixed point. For C v > C^ lt ~ we move into the Coulomb branch 
while for C v < C^ lt " we move into the Higgs branch. It is then of interest to see what 
happens to the supergravity solution as we vary C^, which enters as a boundary value for 
ip. The numerical analysis of (77) shows singular solutions in both cases. However, the 
nature of the singularity is different and like the if 3 case it is of the "good" type along 
the Higgs branch and of the "bad" type along the Coulomb branch, i.e. the potential 

V ef f = ^e 2lp e~ 4g - 4 {e~ 2lp + 2e v ) . (81) 

is unbounded from above near the singularity. 

In the case of S 2 we find, like in the S 3 case, that the singularity is of the "bad" type 
independently of the value of C v . 

As before, the "bad" singularity in the Coulomb branch can be explained by the fact 
that in the limit that we consider the Higgs and the Coulomb branches decouple, and 
we remain at low-energy with a (1 + l)-dimensional a- model on the Higgs branch. The 
"bad" singularity on the Higgs branch in the S 2 case, indicates its absence. 

B The S* 3 , H 3 examples 

For the five dimensional metric we take the ansatz 

ds 2 = e 2f (-dt 2 + dr 2 ) + e 29 (d<p 2 + sin 2 <pd9 2 + sin 2 sin 2 9du 2 ), (82) 
where /, g depend only on r. The second part of the above metric is the metric of the S 3 . 
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The components of the vielbein of this metric read 



e° t = ef, (83) 

e 1 = e f 

el = e\ 

e 3 e = e g sin 0, 

e 4 = e ff sin0sin#. 

For the boundary conditions to be imposed on the SU(2) gauge potentials we need 
the spin connection on the S 3 . For the S 3 part of the above metric we get the following 
nonvanishing connection coefficients 

Tg d = — sin cos 0, (84) 
Y e e<j> = cot 0, 

Tf u = — sin 2 9 sin cos 0, 

= cot 0, 
r w = — sin 9 cos 

= cot 9. 



With the vielbeins 



e 



J = 1, (85) 



e 2 , = sin0, 



= sin sin 0, 



we get for the spin connection 



= -cos<j> = uf, (86) 
uol 3 = — sin 9 cos = cu 24 , 

W 2S = -COS# = ^ 4 , 

where the barred superscripts denote flat indices on S 3 . Thus we are led to the gauge 
potentials 

Al = acos0, (87) 

A 2 U = bcos9, 

Al = csin#cos0, 

(identifying 23 <-> 1, 34 <-> 2, 24 <-> 3). The only nonvanishing components of the 
corresponding field strength are 

Fjg = sin 9(b + gac cos 2 0), 
F 3 , = c sin 6 1 sin 0, 

^3 



i 7 ^ = — cos 9 cos 0(c + gab) , 
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where the superscripts refer to the generators T a of SU(2), which is suitably embedded 
in the Spin(5) i?-symmetry group, with the Lie algebra [T a ,T{,] = e a b c T c . The coupling 
constant g is included for later reference. The other nonvanishing connection coefficients 
for the metric (82) are 

(89) 



■pr 
1 tt 


= /', 




r* 

1 tr 


= /', 




-pr 


= -e 2 ^ 




1 ee 


= -e 2 ^' 


~f'g' sin 2 0, 


-pr 

vv 


= -e 2 ^ 


_/ V sin 2 sin 2 ^, 


r 4> 

1 0r 


— 1 Or — 


= a' 


pr 

rr 


= /', 





while calculating the spin connection yields 



<*>? = ~f, (90) 



c<Jg 3 = —e 9 ~^g sin 0, 
cj 14 = —e 9 ~^g' sin sin (9. 



The variation of the fermionic fields is given by 

Slpta = (91) 

= d t e a + \ f la e a - ie f lo ^=g(2e^ + e^) (T, 5 ) b e b + 
+ * I /| e " e(/ " 29) sin" 1 {7023 F^{Y 1 ) b a e b + 

+ sin" 1 0SU1- 1 6 lou (F 2 ue {T 2 ) b a e b + F^(T 3 ) b e b ) + sin" 1 6 l024 (T 3 ) b e b } = 0, 

<%a = (92) 
= fye a + VV72^a - ^e^72 7 ^^(2e^ + e 2 ^)(r 45 )> b + 

+ i I ^fz~ 9 ^ 2 ^n- 1 £7234 ( F 2 (T 2 ) b e b + F* (T 3 ) b e b ) + 

+ l t sin "V(sin-^74^l(r 3 ) a 6 £ 6 + 73^(r!) a 6 £ b ) = 0, 

H»a = (93) 
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= d e e a - - cos 0723 e a + ^e 9 f g' sin 07 3 e a + ^acos0 (r 145 ) a 6 e b - 

- ie 9 sin 73 (2e^ + e 2 ^) (r 45 ) a fe e 6 - i I sin" 1 £7234 F% (r 3 ) a 6 5 b + 

+ ^ I {\^^ 9 {72^(r 1 ) a 6 e b +sin™ 1 0sin- 1 ^74(^l(r 2 ) a & 6 b + Fl{Y,) b a e b )} = 0, 

<tyw = (94) 
= d v e a - - sin 9 cos 07 24 e a - -cos6»7 34 e a + -e 9_ V sin sin6, 74£a + 

1 1 

+ -gb cos 9 (r 245 ) a 6 e b + -#csin cos0 (r 345 ) a 6 e b - 



ie 9 sin sin 1 



3in ^ 74 127!^ ( 2e ~^ + (r45)a ' £fc + 1 1 ^\f e ~ 9 sin9l2U F ^ {Tl) " £b + 
+ 4 /| e " e ~ 9 { sin "V7 3 (^(r 2 ) a b 5 fc + F^(r 3 ) a b e 6 ) + 72 ^(r 3 ) a 6 ^} = o. 

The if 3 case is obtained from the above by sin(4>) — > sinh(4>). 
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